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The Gibbs phenomenon was discovered by Henry Wilbraham (1848) and 
rediscovered by J. Willard Gibbs (1899). It consists in the occurrence in Fourier 
series of an overshoot effect near function discontinuities. This phenomenon 
depends only upon the existence of the discontinuity, but not on the other properties 
of the function that is Fourier analyzed.  

The Gibbs phenomenon has a peculiar history. Wilbraham’s investigation, which 
was a pure mathematical paper where an incorrect remark made by Fourier on the 
convergence of the Fourier series was properly reformulated, was forgotten for 
almost six decades. J.W. Gibbs described it in an attempt to understand the persistent 
oscillations produced by the Albert Michelson’s harmonic analyzer near 
discontinuities of functions that it Fourier analyzed.  

In 1906, M. Bôcher noticed Wilbraham’s priority. He established general 
conditions for the existence of the Gibbs phenomenon. Since then, during the past 
century, the Gibbs phenomenon was connected with the overshoot effect near 
function discontinuities in the Fourier series expansions of discontinuous functions.  

An insightful elementary derivation of this effect was reported by W.J. Thompson. 

Gibbs phenomenon (1) 
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The demonstration below (functional approximation of a square wave) shows that the 

n-th partial sum of the Fourier series has large oscillations near the jump, which 

might increase the maximum of the partial sum above that of the function itself. The 

overshoot does not die out as the frequency increases, but approaches a finite limit.  
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Gibbs phenomenon (2) 

Graphic illustration from: Wikimedia/Wikipedia 

https://upload.wikimedia.org/wikipedia/commons/f/f8/SquareWave.gif
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*)Ben Adcock , Gibbs phenomenon and its removal for a class of orthogonal expansions 
BIT, 51 (1), 7–41 (March 2011), DOI: 10.1007/s10543-010-0301-5 

Universality of Gibbs phenomenon 
The Gibbs phenomenon is certainly not restricted to Fourier series. Other notable 
examples include spherical harmonics, Fourier-Bessel series, radial basis functions, 
many orthogonal expansions.  

Here*) an 
illustration is given 
for the expansion 
of the Heaviside 
function on [-1, 1] 
in eigenfunctions 
of univariate 
polyharmonic 
operators equipped 
with 
homonegeneous 
Dirichlet boundary 
conditions. 

As it will be shown in the sequel, the expansion in truncated Chebyshev 
series (entering the Clenshaw-Curtis quadrature) is to be added to this list. 

http://benadcock.org/wp-content/uploads/2015/11/AdcockPolyGibbs.pdf
http://benadcock.org/wp-content/uploads/2015/11/AdcockPolyGibbs.pdf
http://benadcock.org/wp-content/uploads/2015/11/AdcockPolyGibbs.pdf


Clenshaw-Curtis Quadrature over Macroscopic Ranges 

The computation of the Riemann definite integral 

 
 

 

by Clenshaw-Curtis (CC)  quadrature of algebraic polynomial degree 4n interpolates 
the reduced integrand, 
 

 

at the set of  (4n+1) CC quadrature knots, spanned by the extremal abscissas of the 

Chebyshev polynomial of the first kind and degree 4n, 

𝑦𝑗
4𝑛 = cos

𝑗𝜋

4𝑛
;   𝑗 = 0,1,2,⋯ , 4𝑛 

by the truncated Chebyshev series expansion  

𝐿4𝑛
𝜑
=  

″
 𝑏𝑘
4𝑛𝑇𝑘(𝑦)

4𝑛

𝑘=0

 

where the superscript  ″ shows that the first and the last terms of the sum are halved. 

☺ If 𝝓 𝒚  is continuous and of bounded variation, then  𝐿4𝑛
𝜑

 stays close to the 

polynomial of the best approximation.  

𝐼 =   𝑔 𝑥 𝑓 𝑥 𝑑𝑥, −∞ < 𝑎 < 𝑏 < 
𝑏

𝑎

∞, 

𝜙 𝑦 = 𝑓 𝑐 + ℎ𝑦 , 𝑐 = 𝑏 + 𝑎 2 , ℎ = 𝑏 − 𝑎 2 , 𝑦 ∈ −1,1 , 



 Let CC2m denote the set of 𝟐𝒎 + 1 knots of CC-2m, the CC rule defined at the 

extrema of the Chebyshev polynomial of degree 𝟐𝒎 over [-1, 1].  

The following nesting property holds true: 

𝐶𝐶2 ⊂ 𝐶𝐶4  𝐶𝐶8  𝐶𝐶16  𝐶𝐶32  
It points to the inheritance of the quadrature knots of the rule CC-2m , m = 1, 2, …, 

by the rule  CC-2m+1.    

 Sublattice decomposition of CC2m+1 : 

CC2m+1
 
= CC2m ∪ FJ2m , m = 1, 2, …  

where FJ2m
 
 denotes the Fejer knot subset of rank 2m.  

 The positive and, respectively, negative knot subsets of FJ2m define two mirror 

reflected complete binary tree structures.  

 The root of the positive Fejer binary tree is 𝑦1
(2)
= 𝑦
2𝑚−2
(𝑚)

=√2/2,  m= 2, 3, …, 

where the simplified notation (m) stays for 𝟐𝒎. At the l-th depth level inside the tree 

there are 2𝑙 knots, 
 

 𝑦2𝑗−1
𝑙+2 = 𝑦

2𝑚−2−𝑙⋅(2𝑗−1)

(𝑚)
= cos[(2𝑗 − 1)𝜋/2𝑙+2] , 𝑗 = 1, 2,⋯ , 2𝑙 , 𝑙 = 0, 1, 2,⋯ ,𝑚 − 2 .  

The occurrence of special arguments in  knot column vector allows the computation 

of all the knots to machine accuracy .  

Nesting Property of the CC Quadrature Knots  



   The most computer intensive task within the CC quadrature comes from the 
computation of the coefficients 𝑏𝑘

4𝑛 . The straightforward solution expresses the 
column vector 𝐵 = 2𝑛 𝑏0

4𝑛, ⋯ , 𝑏4𝑛
4𝑛 ⊤ by the matrix product 𝐵 = 𝑇𝛷 where T is a 

symmetric matrix which collects together the values of the Chebyshev polynomials 
at the CC knots,  

𝑇𝑘𝑗 = 𝑇𝑗𝑘 = 𝑇𝑘 𝑦𝑗
4𝑛 , 𝑘, 𝑗 = 0,1,⋯ , 4𝑛 

 while Φ  is the column vector of the computed integrand values, 

Φ = 𝜙 𝑦0
4𝑛 , ⋯ , 𝜙 𝑦4𝑛

4𝑛
⊤

 

The fast Chebyshev transform exploits the property of CC2 of involving the knot 
triplet {-1, 0, 1} to perform a T matrix irreducible block decomposition which 
results in a significantly reduced computational cost of the numerical evaluation of 
the coefficient set B. 

The Fast Chebyshev Transform 

Within the m-panel approach of the automatic adaptive quadrature, 
the fundamental CC-quadrature sum over macroscopic ranges is 
CC-32, the knots of which over the reduced range [-1,1] are given by 
the extremal points of the Chebyshev polynomial of the first kind 
and degree 4n = 32 (n = 8). 



CC Quadrature with Modified Reduced Abscissas 

 The computed distances between the 4n+1 standard reduced abscissas (SRA) entering 

the CC-4n Clenshaw-Curtis quadrature sums over −1, 1  show precision loss toward 

the interval ends. 

 Better numerical stability of the CC quadrature is secured provided modified reduced 

abscissas (MRA) are used instead of SRA. 

 Modified reduced abscissas (MRA) are defined as distances from the standard reduced 

abscissas (SRA) to the nearest integration domain ends. 

Advantage: both the computed MRA and the distances between neighboring MRAs are 

precise to machine accuracy. This avoids an important source of precision loss by 

subtraction.  

CC-4n with MRA is characterized by a set of  2n+1 non-negative MRA:  

0 = 𝜂0 < 𝜂1 < ⋯ < 𝜂2𝑛=1,  𝜂𝑘+𝜇− 𝜂𝑘+𝜇−1 > 𝜂𝑘 − 𝜂𝑘−1, ∀𝜇 > 0. 

 Generation of the integrand profile (IP) in terms of MRA 

  Given 𝑓: [𝑎, 𝑏] → ℝ, with the integration domain of half-width ℎ = (𝑏−𝑎)/2 , 
computation of the integrand values for CC-32  yields the IP:  

{(𝜂𝑘,𝜑𝑘 = 𝑓−2𝑛+𝑘= 𝑓 𝑎+ℎ𝜂𝑘 )} ∪ {(𝜂𝑘 , 𝜑𝑘 = 𝑓2𝑛−𝑘 = 𝑓 𝑏−ℎ𝜂𝑘) };  𝑘 = 0,1,⋯,2𝑛 



The parity properties of the Chebyshev polynomials  

𝑇𝑘 𝑦 , 𝑘 = 0,1,⋯ , 4𝑛;   y ∈ [−1,1] 

result in corresponding parity properties of the Chebyshev series expansion 

coefficient set b: odd – 𝑏2𝑘+1
4𝑛 , k = 1,2, … , 2n and 

                         even –  𝑏2𝑘
(𝑚)
, k = 0,1, … , 2𝑛, respectively.  

The CC quadrature sums involve even-rank  b  coefficients under an even weight 
function  𝑔(𝑥) and odd-rank  b  coefficients under an odd weight function  𝑔(𝑥).  

Nevertheless, if the up-norm of the missing coefficient subset exceeds that of the 
included coefficient subset, this entails precision loss in the computed quadrature 
sums. 

Assume that the integrand function can be analytically separated into even 
and odd components over the original integration domain.  

Then, since the computation of the Chebyshev series expansion coefficients 
involves exclusively integrand components matching the parity of the 
weight function, the Clenshaw-Curtis quadrature gets free from precision 
loss due to cancellation by subtraction.  

CC Quadrature and Integrand Parity 



Gibbs Phenomenon in CC Quadrature (1) 

x 

y 

1 

-19 

a=0 b=2π 

(2π, -9) (0, -9) 

We compute the Riemann integral by means of CC-32 quadrature rule over integration  
domains equating a period of a two-pulse periodic signal characterized by the 
following parameters: Period = 2π; Jump height = 20; Slope_left = Slope_right = 0;  
  a = 0; b = 2π; c = (a+b)/2;  

𝑓 𝑥 =   
1       iff         𝑎 < 𝑥 < 𝑐
−19     iff            𝑐 < 𝑥 < 𝑏
−9 iff 𝑥 = 𝑎; 𝑥 = 𝑐; 𝑥 = 𝑏

 

Results of different experiments are shown in the following slides. 

(π, -9) 



Gibbs Phenomenon in CC Quadrature (2) 

1.  CC-32 accurately solves the two-pulse periodic integral over [0, 2π]. 
2.  Uniform [a, b] shifts away from  [0, 2π] over microscopic distances 2πkε0 : large constant 

errors are noticed. 



Gibbs Phenomenon in CC Quadrature (3) 

3. [a, b] microscopic shifts in geometric progression away from  [0, 2π] over larger 

distances 2πkε0:  preservation of the uniform large error pattern. 



Gibbs Phenomenon in CC Quadrature (4) 

4. [a, b] macroscopic  shifts in geometric progression away from  [0, 2π] over 

larger distances 2πkε0: fundamental change of the large error pattern. 



Gibbs Phenomenon in CC Quadrature (5) 
5. [a, b] uniform shifts away from  [0, 2π] covering the range [-2π, 4π] in steps  

π/80 : yield a periodic error pattern characterized by large errors. 
Plot using “lines” representation. 



Gibbs Phenomenon in CC Quadrature (6) 
6. [a, b] uniform shifts away from  [0, 2π] covering the range [-2π, 4π] in steps  

π/160 : preserve the periodic error pattern characterized by large errors. 
Plot using “lines” representation. 



Gibbs Phenomenon in CC Quadrature (7) 
7. [a, b] uniform shifts away from  [0, 2π] covering the range [-2π, 4π] in steps  

π/80 : yield a periodic error pattern characterized by large errors. 
Plot using “lines-points” representation. 



Gibbs Phenomenon in CC Quadrature (8) 
8. [a, b] uniform shifts away from  [0, 2π] covering the range [-2π, 4π] in steps  

π/80 : yield a periodic error pattern characterized by large errors. 
Plot using “lines-points” representation. 



 The CC-32 Clenshaw-Curtis quadrature sums exhibit the Gibbs 
phenomenon under discontinuous  integrand. 

 Since it is difficult to make inferences from the computed Chebyshev 
coefficients, we propose to use local 3-knot Simpson rules at the 
existing CC32 knots.  
The two-elementary-interval-spanned Simpson rules creep along the 
integration domain and allow local identification and characterization of 
offending integrand features based on the analysis of the fundamental 
terms entering the Simpson rules: the local slopes and local curvatures.  

 The implementation of the Simpson rules asks for integrand profiles at 
consecutive triplets.  

 By means of the Simpson rules, every localized offending integrand 
feature is resolved to within the length of its spanning interval. This 
results in significant gain in computation speed.  

The CC quadrature itself is fragile.  
The addition of local Simpson rules results in substantial 

enhancement of the robustness of the CC quadrature.  

Need of Local Simpson Rules 



Simpson rules: Quantities involving differences 

For the derivation of  Simpson rules, the following quantities are necessary. 

• Let 𝑥 ∈ 𝛼, 𝛽] = [𝛼, 𝛾 ∪ 𝛾, 𝛽 , 𝛾 = (𝛽 + 𝛼)/2, ℎ = (𝛽 − 𝛼)/2.  

 𝐼𝑓 𝑥 ∈ 𝛼, 𝛾 , 𝑡ℎ𝑒𝑛 𝑥 = 𝛼 + ℎ𝜂.   𝐼𝑓 𝑥 ∈ 𝛾, 𝛽 , 𝑡ℎ𝑒𝑛 𝑥 = 𝛽 − ℎ𝜂;  𝜂 ∈ 0,1 .  

• Let 𝑓 = max 𝑓𝑘 , 𝑓 = min {𝑓𝑘}, Δ = 𝑓 − 𝑓 

If Δ ≠ 0, approximations for local slopes and curvatures can be defined 

from divided differences. 

• Lengths of intervals defined by modified reduced abscissas:  

Given the pair 𝜂𝜆, 𝜂𝜇 , the length  of the interval defined by them is 𝑙𝜆,𝜇= 𝜂𝜇− 𝜂𝜆. 

• First order divided differences [approximations for local slopes]:  

Given the pair  { 𝑥𝜆, 𝑓𝜆 , 𝜆 = 𝑘 − 1, 𝑘} , then: 

𝑑𝑘−1,𝑘 = 𝛿𝑘−1,𝑘/𝑙𝑘−1,𝑘 , where 𝛿𝑘−1,𝑘 = 𝑓𝑘 − 𝑓𝑘−1. 

• Second order divided differences [approximations for local curvatures]:  
𝑐𝑘 ≡ 𝑑𝑘−1,𝑘,𝑘+1 = (𝑑𝑘,𝑘+1 − 𝑑𝑘−1,𝑘)/𝑙𝑘−1,𝑘+1 

 



Elementary Simpson Rules at Predefined Knots  

 CESR (Centroid spanned Elementary Simpson Rules) may be defined  

over triplets of adjacent knots centered either at the Fejer knots or at the 

Clenshaw-Curtis knots of the IP. 

 CESR quadrature sum over 𝜂𝑘−2, 𝜂𝑘  at CC knots: 

 𝑞𝑆
𝑘−2,𝑘 
= 𝑙𝑘−2,𝑘⋅ 

𝜑𝑘−1 +
1

4
𝑙𝑘−1,𝑘 − 𝑙𝑘−2,𝑘−1 𝑑𝑘−2,𝑘−1  −  𝑑𝑘−1,𝑘 +

1

12
𝑙2𝑘−2,𝑘𝑐𝑘−1   

 CESR quadrature sum over equally spaced knots 𝜂𝑘−2, 𝜂𝑘   

𝑞𝑆𝑘−2,𝑘 = 𝑙𝑘−2,𝑘⋅ 𝜑𝑘−1 +
1

12
𝑙2𝑘−2,𝑘𝑐𝑘−1   

 Twofold CESR usage in automatic adaptive quadrature:  

(1) to derive bounds for the integral of |f(x)|, serving to the 
assessment of the sensitivity of quadrature sums to 
cancellation by subtraction;  

(2) to investigate local IP behaviour under failure of CC rules. 



Understanding CC-32 Outputs for Two-Pulse Data 

 The value of the integral remains constant under ID variation over the two-pulse.  

 CC-32 rule over [0, 2π]: yields a symmetric IP with respect to the ID centre π. 
Due to the symmetry of the CC-32 quadrature knots around π, the jumps at the 
pairs of coordinates {0, 2π} and {π−, π+} compensate each other resulting in 
accurate CC-32 rule output.  

 CC-32 rule over [ε0, 2π+ε0]: the symmetry of the IP with respect to the ID centre 
is broken. There remain two jumps only: at π (characterized by the largest inter-
knot distance) and at 2π (characterized by the smallest inter-knot distance), with 
catastrophic consequences on the Chebyshev expansion coefficients. 

 CC-32 rule over [−ε0, 2π−ε0]: yields a large error of the same absolute 
magnitude but of opposite sign.  

 CC-32 rule over [α, 2π+α] and [−α, 2π− α]: yields large errors of the same 
absolute magnitudes but of opposite signs.  

The large output errors occurring under tiny displacements of the one-period 
integration domain (ID) over the periodic two-pulse structure originate in the 
arcsine law distribution of the CC-32 quadrature knots inside the integration 
interval (sparser toward centre, denser toward ends). 

 Damping out the Runge effect exacerbates the Gibbs phenomenon !  



Other Illustrative Case Studies 

 The role of the elementary Simpson rules in the implementation of a 
robust, reliable, and efficient CC quadrature using a Bayesian 
inference path is illustrated by selected numerical examples  

 The following typical case studies are discussed below:  

 integral with inner singularity integrand  [QUADPACK, pag. 110]:  

 𝑥2 + 2𝑥 − 2 −1/2d𝑥
1

0

− singularity at 3 − 1  

 integral with inner derivative singularity integrand  [Clenshaw&Curtis, 
Num.Math. 1960]:  

 𝑥 + 0.5 1/2d𝑥
1

−1

− derivative singularity at − 0.5  

 integral with a very long tail of centrifugal potential  [Adam&Nobile, 
IMAJNA 1991]: 

 
1

𝑥2 + 1
 𝑑𝑥

∞

0

=
𝜋

2
 

   



Integrand values 

Slopes 

Curvatures 

Cheb. coefs 



Outputs over regular intervals 



[C.W. Clenshaw, A.R. Curtis, Num. Math. 2, 197-205 (1960)] 



[C.W. Clenshaw, A.R. Curtis, Num. Math. 2, 197-205 (1960)] 



[C.W. Clenshaw, A.R. Curtis, Num. Math. 2, 197-205 (1960)] 



[C.W. Clenshaw, A.R. Curtis, Num. Math. 2, 197-205 (1960)] 
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∞
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𝜋
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CC-32 Coefficients, cutoff = 106 



 
1

𝑥2 + 1
 𝑑𝑥

∞

0

=
𝜋

2
 

Simpson basic data, cutoff = 106 



The CC-32 quadrature rules are sensitive to the Gibbs phenomenon. 

A CC-32 quadrature rule itself cannot isolate and characterize the 

offending integrand features.  

Local characterization of the jump(s) can be made by means of the 

study of basic elements (local slopes & local curvatures) entering 

the local three-knot Simpson rules built over triplets of consecutive 

knots of the CC-32 rule.  

On a wider scale, the combination of CC quadrature with centroid 

spanned local three-knot Simpson rules significantly improves the 

quality of the Bayesian diagnostics within the automatic adaptive 

quadrature. The derived numerical integration outputs are 

simultaneously robust, reliable, and efficient, yielding maximum 

possible output accuracy in numerical experiments under arbitrary 

behavior of the integrand function. 

Conclusions 



Thank you for your attention !  


